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Interactions in ultracold gases

Typical parameters

temperature 10 - 100 nK

density 1013 - 1014 cm−3

number of atoms 103 - 107

size 10 µm - 1 mm

lifetime 10 s

Condensed species
87Rb Na 7Li H 85Rb 4He∗ 41K Cs Yb Cr 39K

Quantum degenerate fermions 40K 6Li 3He∗ etc.

JILA & MIT 1995
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Interactions in ultracold gases

How does one describe a Bose-Einstein condensate?

The Gross-Pitaevskii equation for the
macroscopically occupied quantum state of each single atom,

the condensate wave function :

i~
∂

∂t
Ψ(x, t) =

[

−
~

2

2m
∇

2 + Vtrap(x)

]

Ψ(x, t)

+
4π~

2

m
a |Ψ(x, t)|2 Ψ(x, t)

E.P. Gross, Nuovo Cimento 20, 454 (1961)
L.P. Pitaevskii, Sov. Phys. JETP 13, 451 (1961)

Review: F. Dalfovo, S. Giorgini, L.P. Pitaevskii, and S. Stringari, RMP 71, 463 (1999)
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Interactions in ultracold gases

How does one describe a Bose-Einstein condensate?

The Gross-Pitaevskii equation for the
macroscopically occupied quantum state of each single atom,

the condensate wave function :
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Ψ(x, t)
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4π~

2

m
a |Ψ(x, t)|2 Ψ(x, t)

The inter-atomic interactions are characterised solely by the
s-wave scattering length , a!
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Universal bound states
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The average separation between
constituent particles exceeds
the distance scale set by the

classical motion in the potential
well!

Classic examples: deuteron and
4He2

New example: Feshbach
molecules

Review: A.S. Jensen, K. Riisager, D.V. Fedorov,
and E. Garrido, RMP 76, 215 (2004)
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Universal bound states
Universal properties of diatomic halo molecules

Hamiltonian:

H2B = −~2

m ∇
2 + V (r)
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Universal properties of diatomic halo molecules

Hamiltonian:

H2B = −~2

m ∇
2 + V (r)

van der Waals potential:

V (r) ∼
r→∞

−C6/r
6

Bound-state energy:

Eb = −~
2/(ma2)

Bound-state wave function:

φb(r) = 1√
2πa

e−r/a

r

10
0

10
1

10
2

10
3

r [a0]

-2×10
-5

0

2×10
-5

4×10
-5

6×10
-5

P
ot

en
tia

l E
ne

rg
y 

[a
.u

.]
-0.005

0

0.005

0.01

R
ad

ia
l P

ro
ba

bi
lit

y 
D

en
si

ty
 [1

/a
0]

4πr
2
|φb(r)|

2
4
He

Onassis Lectures 2007 – p.4



Universal bound states
Universality: Physical properties are determined by a sing le

length scale, the s-wave scattering length, a!
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Universal bound states
Characteristic length scales

Bond length:

〈r〉 = a/2
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Universal bound states
Characteristic length scales

Bond length:

〈r〉 = a/2

Classical turning point:

rclassical = [a(2lvdW)2]1/3
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Universal bound states
Characteristic length scales
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Universal bound states
Characteristic length scales

Bond length:
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Universal bound states
Properties of the helium dimer

Bond length:

〈r〉 = 5.2 ± 0.4 nm

Classical turning point:

rclassical = 1.4 nm

Characteristic property:

a = 10.4 nm ≫ rclassical
10

0
10

1
10

2
10

3

r [a0]

-2×10
-5

0

2×10
-5

4×10
-5

6×10
-5

P
ot

en
tia

l E
ne

rg
y 

[a
.u

.]
-0.005

0

0.005

0.01

R
ad

ia
l P

ro
ba

bi
lit

y 
D

en
si

ty
 [1

/a
0]

4πr
2
|φb(r)|

2

rclassical

4
He

R.E. Grisenti, W. Schöllkopf, J.P. Toennies, G.C. Hegerfeldt, TK, and M. Stoll, PRL 85, 2284 (2000)
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Magnetically-tunable interactions
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The scattering length diverges.

m

A new vibrational bound state with
energy Eb(B) emerges at the

collision threshold.

Theory: E. Tiesinga, B.J. Verhaar, and H.T.C. Stoof,
PRA 47, 4114 (1993)

Experiment: S. Inouyé et al., Nature 392, 151 (1998)
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Magnetically-tunable interactions
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The scattering length diverges.
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The energy of the Feshbach
molecule, Eb(B), becomes

universal.

Theory: E. Tiesinga, B.J. Verhaar, and H.T.C. Stoof,
PRA 47, 4114 (1993)

Experiment: S. Inouyé et al., Nature 392, 151 (1998)
Review: TK, K. Góral, and P.S. Julienne,

RMP 78, 1311 (2006)
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Magnetically-tunable interactions
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Magnetically-tunable interactions
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Magnetically-tunable interactions
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The region of universality can
differ between Feshbach
resonances.

N.R. Claussen et al., PRA 67, 060701(R) (2003)
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Magnetically-tunable interactions
How does one determine a scattering length?

Radial Schrödinger equation:
[

−~2

m
d2
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]
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Magnetically-tunable interactions
Scattering length of an alkali potential

Gibakin-Flambaum formula:

a = ā [1 − tan(ϕWKB − π/8)]
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G.F. Gribakin and V.V. Flambaum, PRA 48, 546 (1993)
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Magnetically-tunable interactions
Scattering length of an alkali potential
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Magnetically-tunable interactions
Scattering length of an alkali potential

Gibakin-Flambaum formula:
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Magnetically-tunable interactions
What is coupled-channels theory?

Singlet and triplet potentials
describe interactions for given
total electronic spin quantum
numbers of an alkali-atom pair,
S = 0, 1, respectively.
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General theory: H.T.C. Stoof, J.M.V.A. Koelman, and B.J. Verhaar, PRB 38, 4688 (1988)
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Magnetically-tunable interactions
What is coupled-channels theory?

Singlet and triplet potentials
describe interactions for given
total electronic spin quantum
numbers of an alkali-atom pair,
S = 0, 1, respectively.

Asymptotic scattering channels
are described by pairs of
Zeeman states in terms of
angular momentum quantum
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Hyperfine structure in alkali atoms: E. Arimondo, M. Inguscio, and P. Violino, RMP 49, 31 (1977)
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Magnetically-tunable interactions
Feshbach resonances

Two-channel Hamiltonian:

H2B =

(

Hbg

Hcl(B)

)

30 40 50 60 70 80 90 100
r [a0]

-2

-1

0

1

E
ne

rg
y/

h 
[G

hz
]

Vbg(r) (entrance channel)

Vcl(B,r) (closed channel)

Eres(B)

E-1

E-2

A.J. Moerdijk, B.J. Verhaar, and A. Axelsson, PRA 51, 4852 (1995)
F.H. Mies, E. Tiesinga, and P.S. Julienne, PRA 61, 022721 (2000)
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Magnetically-tunable interactions
Feshbach resonances

Two-channel Hamiltonian:
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Magnetically-tunable interactions
Feshbach resonances

Two-channel Hamiltonian:

H2B =

(

Hbg W (r)
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)

Entrance- and closed-channel
Hamiltonians:

Hbg = −~
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Hcl(B) = −~
2
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2 + Vcl(B, r)

Due to inter-channel coupling, a
Feshbach-molecular level, Eb(B),
emerges at B0.
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Magnetically-tunable interactions
Feshbach resonances
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Feshbach-molecular level, Eb(B),
emerges at B0.
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Magnetically-tunable interactions
Two-channel versus coupled-channels theory

Two-channel Hamiltonian:

H2B =

(

Hbg W (r)

W (r) Hcl(B)

)

Entrance- and closed-channel
Hamiltonians:

Hbg = −~
2

m ∇
2 + Vbg(r)

Hcl(B) = −~
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Due to inter-channel coupling, a
Feshbach-molecular level, Eb(B),
emerges at B0.
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Coupled-channels theory and experiment: N.R. Claussen, S.J.J.M.F. Kokkelmans, S.T. Thompson,
E.A. Donley, E. Hodby, and C.E. Wieman, PRA 67, 060701(R) (2003)

This two-channel approach: K. Góral, TK, and K. Burnett, PRA 71, 023603 (2005)
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Magnetically-tunable interactions
Feshbach-molecule association in a harmonic atom trap

Entrance-channel Hamiltonian:

Hbg = −~
2

m ∇
2 +Vbg(r)+Vho(r)
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Experiment: G. Thalhammer, K. Winkler, F. Lang, S. Schmid, R. Grimm, and J. Hecker-Denschlag,
PRL 96, 050402 (2006)
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Magnetically-tunable interactions
Feshbach-molecule association in a harmonic atom trap

Entrance-channel Hamiltonian:

Hbg = −~
2

m ∇
2 +Vbg(r)+Vho(r)

Single-resonance method:

Hcl(B) → |φres〉Eres(B)〈φres|

Resonance energy:

Eres(B) = µres(B − Bres) 1006.8 1007 1007.2 1007.4 1007.6 1007.8 1008
B [G]

-20

-15

-10

-5

0

5

10

E
ne

rg
y 

[h-
ω

ho
]

v=0
v=1
v=2
v=3
v=4
v=5
v=6

separated atoms

Eb(B)

Eres(B)

B0

87
Rb

Experiment: G. Thalhammer, K. Winkler, F. Lang, S. Schmid, R. Grimm, and J. Hecker-Denschlag,
PRL 96, 050402 (2006)

Onassis Lectures 2007 – p.5



Magnetically-tunable interactions
Feshbach-molecule association in a harmonic atom trap

Entrance-channel Hamiltonian:

Hbg = −~
2

m ∇
2 +Vbg(r)+Vho(r)

Single-resonance method:

Hcl(B) → |φres〉Eres(B)〈φres|

Resonance energy:

Eres(B) = µres(B − Bres) 1006.8 1007 1007.2 1007.4 1007.6 1007.8 1008
B [G]

-20

-15

-10

-5

0

5

10

E
ne

rg
y 

[h-
ω

ho
]

v=0
v=1
v=2
v=3
v=4
v=5
v=6

bo
un

d 
at

om
s

Eb(B)

Eres(B)

B0

87
Rb

Experiment: G. Thalhammer, K. Winkler, F. Lang, S. Schmid, R. Grimm, and J. Hecker-Denschlag,
PRL 96, 050402 (2006)

Onassis Lectures 2007 – p.5



Magnetically-tunable interactions
Resonance shape

Entrance-channel Hamiltonian:

Hbg = −~
2

m ∇
2 + Vbg(r)

Single-resonance method:

Hcl(B) → |φres〉Eres(B)〈φres|

Resonance energy:

Eres(B) = µres(B − Bres)

Scattering length:

a(B) = abg

(

1 − ∆B
B−B0

)
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A.J. Moerdijk, B.J. Verhaar, and A. Axelsson, PRA 51, 4852 (1995)
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Classification of Feshbach resonances
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P.S. Julienne and B. Gao, Simple theoretical models for resonant cold
atom interactions, in Atomic Physics 20, ed. by C.Roos, H. Häffner, and
R. Blatt (American Institute of Physics, Conference Proceedings 869,

2006), pp. 261-268, e-print physics/0609013
B. Marcelis et al., PRA 70, 012701 (2004)

Figures: Tom Hanna
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Classification of Feshbach resonances
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?

Single-channel Hamiltonian:

Heff
2B = −~

2

m ∇
2 + Veff(B, r)
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?

Single-channel Hamiltonian:

Heff
2B = −~
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m ∇
2 + Veff(B, r)

Scattering length:

a(B) = abg

(

1 − ∆B
B−B0

)
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?

Single-channel Hamiltonian:

Heff
2B = −~2

m ∇
2 + Veff(B, r)

Scattering length:

a(B) = abg

(
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)
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Coupled-channels theory and experiment: N.R. Claussen, S.J.J.M.F. Kokkelmans, S.T. Thompson,
E.A. Donley, E. Hodby, and C.E. Wieman, PRA 67, 060701(R) (2003)

This two-channel approach: K. Góral, TK, and K. Burnett, PRA 71, 023603 (2005)
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?

Single-channel Hamiltonian:

Heff
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Scattering length:
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?
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This two-channel two-potential model: F.H. Mies, E. Tiesinga, and P.S. Julienne, PRA 61, 022721 (2000)
This two-channel single-resonance approach: TK, K. Góral, and T. Gasenzer, PRA 70, 023613 (2004)
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?
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Classification of Feshbach resonances
When is a single-channel treatment appropriate?
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Review: TK, K. Góral, and P.S. Julienne, RMP 78, 1311 (2006)

Onassis Lectures 2007 – p.6



Diatomic Feshbach molecules

Two-component Feshbach-molecular bound states

Schrödinger equation:

H2B

(

φbg
b

φcl
b

)

= Eb

(

φbg
b

φcl
b

)
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Diatomic Feshbach molecules
Two-component Feshbach-molecular bound states

Schrödinger equation:
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This two-channel approach: TK, T. Gasenzer, P.S. Julienne, and K. Burnett, PRL 91, 230401 (2003)
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Diatomic Feshbach molecules
Two-component Feshbach-molecular bound states
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Diatomic Feshbach molecules
Near-resonant Feshbach-molecules become universal!

Schrödinger equation:
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This two-channel approach: TK, T. Gasenzer, P.S. Julienne, and K. Burnett, PRL 91, 230401 (2003)
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Diatomic Feshbach molecules
Stern-Gerlach separation of 87Rb atoms and molecules

Schrödinger equation:

H2B
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)

= Eb

(
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)

Closed-channel admixture:

Z =
∫

dr
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∣φcl
b (r)

∣
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2

Relative force:

F = −µb(B)∇B = −µresZ(B)∇B

Experiment: S. Dürr, T. Volz, A. Marte, and G. Rempe, PRL 92, 020406 (2004)
See also: J. Herbig et al., Science 301, 1510 (2003)
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Diatomic Feshbach molecules
Stern-Gerlach separation of 87Rb atoms and molecules

Schrödinger equation:
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Coupled-channels theory: E.G.M van Kempen and B.J. Verhaar
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Diatomic Feshbach molecules
Stern-Gerlach separation of 87Rb atoms and molecules

Schrödinger equation:
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Diatomic Feshbach molecules
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Diatomic Feshbach molecules
Direct measurement of closed-channel admixtures

Schrödinger equation:
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Experiment: G.B. Partridge, K.E. Strecker, R.I. Kamar, M.W. Jack, and R.G. Hulet, PRL 95, 020404 (2005)
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Diatomic Feshbach molecules
Direct measurement of closed-channel admixtures

Schrödinger equation:
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Diatomic Feshbach molecules
Direct measurement of closed-channel admixtures

Schrödinger equation:
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Diatomic Feshbach molecules
Spin relaxation of Feshbach molecules

85Rb (F = 2, mF = −2) refers to
an excited Zeeman state.
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Diatomic Feshbach molecules
Spin relaxation of Feshbach molecules

85Rb (F = 2, mF = −2) refers to
an excited Zeeman state.

m
85Rb2 Feshbach molecules decay

due to spin relaxation!

156 158 160 162 164
B [G]

0.1

1

10

100

Li
fe

tim
e 

[m
s]

coupled channels85
Rb

Onassis Lectures 2007 – p.7



Diatomic Feshbach molecules
The lifetime depends on the size of the molecule!

Average volume of a halo state:

V = 4π〈r3〉/3 = πa3
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Diatomic Feshbach molecules
The lifetime depends on the size of the molecule!

Average volume of a halo state:

V = 4π〈r3〉/3 = πa3

Rate equation for spin relaxation:

Ṅ(t) = −K2〈n(t)〉N(t)
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Diatomic Feshbach molecules
The lifetime depends on the size of the molecule!

Average volume of a halo state:

V = 4π〈r3〉/3 = πa3

Rate equation for spin relaxation:

Ṅ(t) = −K2〈n(t)〉N(t)

Lifetime of the halo state:

τ = V/[K2(B)/4]

= 4πa3(B)/K2(B)
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Diatomic Feshbach molecules
Experiment and theory agree!

Average volume of a halo state:

V = 4π〈r3〉/3 = πa3

Rate equation for spin relaxation:

Ṅ(t) = −K2〈n(t)〉N(t)

Lifetime of the halo state:

τ = V/[K2(B)/4]

= 4πa3(B)/K2(B)
156 158 160 162 164

B [G]

0.1

1

10

100

Li
fe

tim
e 

[m
s]

4πa
3
(B)/K2(B)

coupled channels
Thompson et al.

85
Rb

Experiment: S.T. Thompson, E. Hodby, and C.E. Wieman, PRL 94, 020401 (2005)
Theory: TK, E. Tiesinga, and P.S. Julienne, PRL 94, 020402 (2005)
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Outlook

Universal trimer molecules
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General concept: E. Nielsen and J.H. Macek, PRL 83, 1566 (1999)
B.D. Esry, C.H. Greene, and J.P. Burke, PRL 83, 1751 (1999)

Experiment: T. Kraemer et al., Nature 440, 315 (2006)
See also: G. Smirne et al., PRA 75, 020702(R) (2007)

J. Stenger et al., PRL 82, 2422 (1999)
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Outlook

Universal trimer molecules
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General idea: V. Efimov, Phys. Lett. 33B, 563 (1970)
This concept: M. Stoll and TK, PRA 72, 022714 (2005)

See also: V. Efimov, Nucl. Phys. A 362, 45 (1981)
W. Schöllkopf and J.P. Toennies, Science 266, 1345 (1994)
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Outlook

Universal trimer molecules

Ground-state and polar
molecules 90
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This concept: D. Jaksch et al., PRL 89, 040402 (2002)
This experiment: K. Winkler et al., PRL 98, 043201 (2007)

Figure: E. Tiesinga and P.S. Julienne
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Outlook

Universal trimer molecules

Ground-state and polar
molecules

Dynamics of pairing and
molecule formation
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Adapted from: E.A. Donley et al., Nature 412, 295 (2002)
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Outlook

Universal trimer molecules

Ground-state and polar
molecules

Dynamics of pairing and
molecule formation

Superfluid Fermi gases

Adapted from: M. Greiner et al., Nature 426, 537 (2003)
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